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Holography and trace anomaly: What is the fate of„brane-world… black holes?

Roberto Casadio*
Dipartimento di Fisica, Universita` di Bologna, and I.N.F.N., Sezione di Bologna, via Irnerio 46, 40126 Bologna, Italy

~Received 10 November 2003; published 29 April 2004!

The holographic principle relates~classical! gravitational waves in thebulk to quantum fluctuations and the
Weyl anomaly of a conformal field theory on the boundary~the brane!. One can thus argue that linear
perturbations in the bulk of static black holes located on the brane be related to the Hawking flux and that
~brane-world! black holes are therefore unstable. We try to gain some information on such instability from
established knowledge of the Hawking radiation on the brane. In this context, the well-known trace anomaly is
used as a measure of both the validity of the holographic picture and of the instability for several proposed
static brane metrics. In light of the above analysis, we finally consider a time-dependent metric as the~ap-
proximate! representation of the late stage of evaporating black holes which is characterized by decreasing
Hawking temperature, in qualitative agreement with what is required by energy conservation.
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I. INTRODUCTION

The holographic principle@1#, in the form of the anti–de
Sitter ~AdS! conformal field theory~CFT! conjecture@2#,
when applied to the Randall-Sundrum~RS! brane-world@3#,
yields a relation between classical gravitational perturbati
in the bulk and quantum fluctuations of conformal mat
fields on the brane@4#. It was then proposed in Refs.@5,6#
that black hole metrics which solve the bulk equations w
brane boundary conditions, and whose central singular
are located on the brane, genuinely correspond to quan
corrected~semiclassical! black holes on the brane, rathe
than to classical ones. A major consequence of such a
jecture would be that no static black holes exist in the bra
world @7#, since semiclassical corrections~approximately de-
scribed by a conformal field theory~CFT! on the brane! have
the form of a flux of energy from the source. That bla
holes are unstable was already well known in the fo
dimensional theory, since the Hawking effect@8# makes such
objects evaporate, and the semiclassical Einstein equa
should hence contain theback reactionof the evaporation
flux on the metric. The novelty is that, from the bulk side~of
the AdS-CFT correspondence!, one understands the Hawkin
radiation in terms of classical gravitational waves whose
gin is the acceleration the black holes are subject to, liv
on a nongeodesic hypersurface of the~asymptotically!
anti–de Sitter space-time AdS5 @9#.

In Ref. @10# a method was proposed by which static bra
metrics, such as the asymptotically flat ones put forward
Refs. @11–14#, can be extended into the bulk@15#. The
method makes use of the multipole expansion~with respect
to the usual areal radial coordinater on the brane! and
proved particularly well suited for very large black hol
with

M@s21, ~1!

where M is the four-dimensional Arnowitt-Deser-Misne
~ADM ! mass parameter~in geometrical units! and 3s the
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brane tension~times the five-dimensional gravitational con
stant!. The main result is that the horizon of an astrophysi
size black hole has the shape of a ‘‘pancake’’~see also Ref.
@16#! and its area is roughly equal to the four-dimension
expression~in terms ofM ). To the extent at which the em
ployed approximation is reliable, no singular behavior in t
curvature and Kretschmann scalars in the bulk was fou
contrary to the case of the black string~BS! of Ref. @17#.
Possible caveats of this approach have already been
oughly discussed in Ref.@10#. In particular, the convergenc
of the multiple expansion on the axis of cylindrical symm
try which extends into the bulk is hard to test and the res
ing metrics are not completely reliable thereon. As a con
quence, it is hard to determine whether the bulk geome
contains singularities on the axis~while no singularity seems
to occur far from it! and whether it is asymptotically AdS
away from the brane near the axis~while it appears asymp
totically AdS far from the axis!. In fact, in recent numerica
works, regular brane metrics were shown to develop sin
larities in the bulk when extended by a different method@18#
or problems emerged when trying to describe large bl
holes in asymptotically AdS bulk@19#.

If the conjecture of Refs.@5–7# is correct, it then follows
that the static bulk solutions found in Ref.@10# have singu-
larities on the cylindrical axis~possibly far away from the
brane! or, at least, are unstable under linear perturbations~of
the metric in the bulk!, as it occurs for the BS@20#. In either
case, it is likely that such metrics will evolve toward diffe
ent ~more stable but yet unknown! configurations@7#. Since
the metric elements in Ref.@10# are expressed as sums
many terms~multipoles! and those in Refs.@18,19# are ex-
pressed only numerically, it is practically impossible to ca
out a linear perturbation analysis on such backgrounds.
could otherwise try to use the AdS-CFT corresponde
backwards in order to estimate the overall effect of bu
perturbations from the established knowledge of the Haw
ing radiation on the brane. Some information on the lat
can be determined straightforwardly from standard fo
dimensional expressions provided the brane metric is gi
~see, e.g., Ref.@21#!. One must then check that such info
©2004 The American Physical Society25-1
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ROBERTO CASADIO PHYSICAL REVIEW D69, 084025 ~2004!
mation is consistent with known features of the AdS-C
correspondence before drawing any conclusion about
bulk stability.

In fact, the AdS-CFT correspondence requires some g
eral conditions to hold. First of all, one needs the planar li
of the largeN expansion of the CFT, that is, a large numb
of conformal fields@2#,

N;s22,p
22@1. ~2!

where, in RS models, the four-dimensional Newton cons
8pGN5,p

2 (,p being the Planck length! is related to the
fundamental gravitational length,g in five dimensions by
,p

25s,g
3 @3,22#. Equation~2! is therefore tantamount to,g

@,p and assures that stringy effects are negligible. Mo
over, the presence of the brane introduces a normaliz
four-dimensional graviton and an ultraviolet~UV! cutoff in
the CFT,

lUV;s21. ~3!

The latter must of course be much shorter than any phys
low energy scalel IR of interest,

lUV!l IR , ~4!

in order for the CFT description of the brane-world to
consistent. A further remark is in order about the relevanc
the bulk being asymptotically AdS away from the brane. W
have already mentioned that, according to Ref.@10#, possible
singularities in the bulk~and the corresponding deviation
from asymptotic AdS! should be located on the axis. To wh
extent such singularities restrict the holographic descrip
is hard to tella priori and a general criterion for the validit
of the AdS-CFT correspondence will therefore be given
Sec. II @see Eq.~12! and the following discussion#.

So far, no practical advantage seems to emerge from
holographic description over the standard four-dimensio
treatment of the back-reaction problem. There is, howeve
point of attack: As we shall review shortly, in the bran
world a vacuum~brane! solution needs to satisfy just on
equation, whose analysis is therefore significantly simp
than the full set of four-dimensional vacuum Einstein eq
tions. This will allow us to attempt an approximate descr
tion of the late stage of the evaporation which is in quali
tive agreement with earlier studies of black holes as exten
objects in the microcanonical picture@23,24#, and is charac-
terized by a black hole temperature which vanishes al
with the mass of the black hole. Let us remark that the to
energy of the system~black hole plus Hawking radiation! is
conserved in the microcanonical ensemble and this sugg
that the final evolution of a black hole is really unitary.

In the next section we summarize the general conce
with a particular emphasis on the trace anomaly as der
from the point of view of four-dimensional quantum fie
theory and its comparison with that predicted by the Ad
CFT correspondence. In Sec. III, we then apply this form
ism to candidate static black holes in order to check
reliability of their holographic picture and stability. Our con
clusions first of all support the view given in Refs.@10,25#
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that static metrics are a good approximation for astrophys
black holes. Moreover, some of the brane metrics analyze
Refs. @10,14# are shown to allow for a closer holograph
interpretation and to be more stable than the BS. This s
gests that brane-world black holes might evaporate m
slowly than they would do in a four-dimensional space-tim
already for very large ADM masses@26#. Finally, in Sec. IV
we discuss a possible candidate time-dependent metri
estimate the late stage of the evaporation by self-consiste
including the trace anomaly in the relevant vacuum equat

We shall adopt the brane metric signature (2,1,1,1)
and units with\5c51. Latin indicesi , j , . . . will denote
brane coordinates throughout the paper.

II. GENERAL FRAMEWORK

The five-dimensional Einstein equations in~asymptoti-
cally! AdS5 with bulk cosmological constantL can be pro-
jected onto the brane by making use of the Gauss-Cod
relations and Israel’s junction conditions~see Ref.@22# for
the details!. For the RS case which we consider througho
the paperL52s2,g

3/6 @3#, so that the brane cosmologica
constant vanishes and the effective four-dimensional Eins
equations become

Gi j 5,p
2t i j 1

,p
4

s2
p i j 1Ei j , ~5!

whereGi j 5Ri j 2(1/2)Rgi j is the four-dimensional Einstein
tensor,t i j is the energy-momentum tensor of matter loc
ized on the brane~there is no matter in the bulk! and

p i j 52
1

4
t ikt j

k1
1

12
tt i j 1

1

8
gi j tkltkl2

1

24
gi j t

2. ~6!

Where no matter appears on the brane (t i j 50), the exis-
tence of an extra spatial dimension manifests itself in
brane-world only in the form of the nonlocal source ter
Ei j , which is ~minus! the projection of the bulk Weyl tenso
on the brane and must be traceless@5,22#. Vacuum brane
metrics therefore satisfy

Ri j 5Ei j ~7!

⇓

R50. ~8!

Of course, Eq.~8! is a weaker condition than the four
dimensional vacuum equationRi j 50 and, consequently
Birkhoff’s theorem does not necessarily hold for spherica
symmetric vacuum brane metrics.

The AdS-CFT correspondence should relate the tensorEi j
representing~classical! gravitational waves in the bulk to th
expectation value of the~renormalized! energy-momentum
tensor of conformal fields on the brane@4#. Let us denote the
latter by ^Ti j &. One should then have

E j
i ;,p

2^T j
i &. ~9!
5-2
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HOLOGRAPHY AND TRACE ANOMALY: WHAT IS THE . . . PHYSICAL REVIEW D 69, 084025 ~2004!
Since the left hand side above is traceless, such a corres
dence can hold if̂ T&[^Ti

i&50, that is, if the conformal
symmetry is not anomalous. Of course, this requires that
UV cutoff ~3! be much shorter than any physical length sc
in the system. It also requires a ‘‘flat’’ brane~i.e., the absence
of any intrinsic four-dimensional length associated with t
background! otherwise the CFT will also be affected by th
scale. For a black hole, the gravitational radiusr h;M is a
natural length scale and one therefore expects that only
modes with wavelengths much shorter thanr h @27# ~and still
much larger thans21) propagate freely. One then finds th
the necessary condition~4! is equivalent to Eq.~1!, that is a
reliable CFT description of the Hawking radiation might
possible only for very large black holes of the kind cons
ered in Ref.@10#.

From the point of view of the AdS-CFT correspondenc
it is the value of bulk perturbations at the boundary that a
as a source for the CFT fields and can give rise to^T&CFT. As
a check, one can compare with the trace anomaly induce
the presence of a brane as a boundary of AdS in sev
theories in which the AdS-CFT applies. Since we are j
interested in a four-dimensional brane, the case of releva
to us is that of (N stacked! D3-branes~possibly with R
50) embedded in AdS5. For such a configuration one find
the holographic Weyl anomaly@28#

^T&CFT5
1

4,p
2s2 S Ri j R

i j 2
1

3
R2D , ~10!

which reproduces the conformal anomaly of the fo
dimensionalM54 superconformalSU(N ) gauge theory in
the largeN limit ~2! and vanishes in a four-dimension
~Ricci flat! vacuum@29#.

On the other hand, the trace anomaly of the pertin
four-dimensional field theory,̂T&4D5^T i

i&, can be evalu-
ated independently. It is given in terms of geometrical qu
tities as well and numerical coefficients which depend on
matter fields. Further, it does not usually vanish on a cur
background~even if it is Ricci flat! because, contrary to
^T&CFT, it also contains the Kretschmann scalarRi jkl R

i jkl .
For example, one finds fornB boson fields~see, e.g., Ref.
@21#!

^T&4D5
nB

2880p2
~Ri jkl R

i jkl 2Ri j R
i j 2hR!. ~11!

The termhR, which is renormalization dependent, woul
however, vanish according to Eq.~8! but we include such
term for future reference~see, in particular, Sec. IV!. It is this
nonvanishing tracêT&4D which measures the actual viola
tion of the conformal symmetry on the brane.

If ^T&4D5” ^T&CFT, one needs more than the AdS-CFT co
respondence to describe the brane physics for the ch
background. In other words, this inequality can be int
preted as signaling the excitation of other matter fields liv
on the brane~with t[t i

i ;^T&4D2^T&CFT). The relative dif-
ference with respect tôT&CFT,
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GCFT[U^T&4D2^T&CFT

^T&CFT
U, ~12!

can then be used to estimate to what extent classical gr
tational waves in the bulk determine matter fluctuations
the brane@30#. If GCFT!1, then the AdS-CFT conjectur
implies that the~quantum! brane and~classical! bulk descrip-
tions of black holes are equivalent. Otherwise, since the
lography can just account for that part of the Hawking fl
which is responsible for̂ T&CFT, the ratio GCFT is also a
measure of the relative strength of brane fluctuations~involv-
ing other matter modes! with respect to bulk gravitationa
waves.

From the four-dimensional point of view, the trac
anomaly is evidence that one is quantizing matter fields,
means of the background field method, on the ‘‘wrong’’~i.e.,
unstable! background metric. One should instead find a ba
ground and matter state~both necessarily time dependen!
whose metric and energy-momentum tensor solve all
evant field equations simultaneously. This is the aforem
tioned back-reaction problem of Hawking radiation, who
solution is still out of grasp after several decades from
discovery of black hole evaporation. The authors of Ref.@6#
argue that, because of the AdS-CFT correspondence,
problem of describing a brane-world black hole is just
difficult as the~four-dimensional! back-reaction problem it-
self. One could go even further and claim that it isat leastas
difficult, since for an holographic black hole the AdS-CF
should be exact and̂T&4D5^T&CFT ~i.e., GCFT50), but re-
alistic black holes might involve more ‘‘ingredients.’’ If
however, one focuses on the brane description, and just
siders Eq.~8!, the task will simplify considerably.

III. STATIC BLACK HOLES?

We first want to analyze both the semiclassical stabi
and holography of candidate static brane-world black ho
They are described by asymptotically flat, spherically sy
metric metrics which solve Eq.~8!, and can be put in the
form

ds252N~r !dt21A~r !dr 21r 2dV2, ~13!

where dV25du21sin2u df2, and for the functionsN andA
we shall now consider several cases previously appeare
the literature.

A. 4D and CFT trace anomalies

The first step is to computêTj
i&, ^T&4D and^T&CFT. The

ratio GCFT will then give a measure of the reliability of th
holographic picture.

1. Black string

We take the Schwarzschild line element~corresponding to
the BS@17#!,

N5
1

A
512

2M

r
, ~14!
5-3
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ROBERTO CASADIO PHYSICAL REVIEW D69, 084025 ~2004!
as the reference brane metric, whose horizon radius ir h
52M . The trace of the energy-momentum tensor fornB bo-
son fields on this background is

S^T&4D5
nBM2

60p2r 6
, ~15!

and four-dimensional covariant conservation relates it
those parts of the diagonal components of the ene
momentum tensor which do not depend on the quantum s
of the radiation@31#. Moreover, in the Unruh vacuum, on
also has the flux of outgoing Hawking radiation@21,31#,

S^T t
t &5 S^T r

t &52 S^T t
r &52 S^T r

r &;
nBK

M2r 2
, ~16!

whereK is a dimensionless constant. It is therefore expec
that the components of the Ricci tensor of the metric wh
incorporates the back-reaction of the Hawking radiation h
a leading behavior

SE j
i ;

nB,p
2

M2r 2
. ~17!

The above terms, representing a steady flux of radiation,
consistent within the adiabatic approximation for which t
background~brane! metric is held static. In fact, the consta
K ~formally! arises from an integration performed over
infinite interval of ~Euclidean! time, so as to include all the
poles in the Wightman function of the radiation field whic
yield the Planckian spectrum~the integral diverges and i
divided by the length of the time interval to estimate t
average flux per unit time@8#!. During this large time, the
change in the ADM mass is neglected. In order to solve
the back reaction, one should instead consider the full t
dependence of the metric and black hole source.

From the point of view of the bulk space-time, the Haw
ing flux just modifies the junction equations@32# at the
brane. The latter, on account of the orbifold symmetry Z2,
will in general read@22#

@Ki j #5,g
3S Ti j 2

1

3
gi j TD . ~18!

The quantity@Ki j # is the jump in the extrinsic curvature o
the brane andTi j the source term localized on the bra
which, for the case at hand, contains the vacuum energys
and the Hawking flux. One thus has

@Ki j #52sgi j 1
,p

2

s S S^Ti j &2
1

3
gi j

S^T&4DD . ~19!

Since r .2M outside the horizon, the second term in t
right hand side above is negligible with respect to the fi
one everywhere in the space accessible to an externa
server if
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M
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This shows that the Hawking radiation just gives rise to
small perturbation of the bulk metric for black holes of a
trophysical size@for which Eq.~1! holds#. This is assumed in
the approach of Ref.@10# ~and also in the numerical analys
of Refs.@25#! to justify staticity @33#.

However, the holographic Weyl anomaly~10! vanishes
for this metric~the ratioGCFT→`) sinceRi j 50, and draw-
ing any conclusion from the AdS-CFT correspondence lo
questionable.

2. Case I

From Refs.@12,14#, we consider the functions

N512
2M

r
, A5

S 12
3M

2r
D

NF12
3M

2r
S 11

4

9
h D G , ~21!

the causal structure of whose geometry was analyzed in
tails in Ref.@14#. One finds that the nonvanishing Ricci te
sor components are given by

IR t
t 5

4hM2

3~2r 23M !2r 2 ,

IR r
r 52

4hM

3~2r 23M !r 2 , ~22!

IR u
u 5 IR f

f 52
4hM ~r 2M !

3~2r 23M !2r 2 .

Note that the corrections in Eq.~17! that one obtains from
the Hawking radiation dominate~in the larger approxima-
tion! over those following from the components in Eq.~22!.
This is expected since the metric~21! does not contain an
outgoing flux and is asymptotically flat. However, the co
rections in Eq.~22! certainly overcome the Hawking flux in
the interval

1!
r

M
&uhu

M2

,p
2

, ~23!

whose extension can be very large for astrophysical bl
holes ~with M@s21*,p) provided h is not infinitesimal
@34#. Moreover, the trace of the energy-momentum tenso
a boson field on this four-dimensional background has
leading behavior for larger given by ~see Appendix A for
more details!

I^T&4D.S 11
h

3
1

h2

24D S^T&4D , ~24!

which is of the same order in 1/r as the trace in Eq.~15!.
5-4
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HOLOGRAPHY AND TRACE ANOMALY: WHAT IS THE . . . PHYSICAL REVIEW D 69, 084025 ~2004!
The expected trace anomaly from the AdS-CFT cor
spondence on this background is of the same order
I^T&4D , namely

I^T&CFT;
h2M2

6,p
2s2r 6

. ~25!

Hence, for smalluhu, the ratio

IGCFT;U12
nB,p

2s2

10h2p2U , ~26!

which is finite forh5” 0 and represents a significant improv
ment over the BS. In particular, one has thatIGCFT.0 for

h.6
AnB,ps

A10p
[ Ih, ~27!

where we used,ps!1. Forh. Ih one expects that the ho
lographic principle yields a reliable description of such bla
holes. Note, however, that the rough estimatenB;N from
Eq. ~2! would yield u Ihu.0.1 which is significantly larger
than the experimental bounduhu&1024 from solar system
measurements@35#.

3. Case II

From Refs.@13,14#, let us now consider the metric de
scribed by the functions~for the causal structure see aga
Ref. @14#!

N5F h1A12
2M

r
~11h!

11h
G 2

,

~28!

A5F12
2M

r
~11h!G21

,

which yield the non-vanishing Ricci tensor components

IIR r
r 522 IIR u

u 522 IIR f
f

5
2h~11h!M

S h1A12
2M

r
~11h!D r 3

. ~29!

These are again subleading at larger with respect to the
radiation terms in Eq.~17!, but of the same order as those
case I, and the estimate in Eq.~23! applies to this case a
well. The trace of the boson energy-momentum tensor is
of the same order in 1/r as that in Eq.~15! ~see Appendix A!,

II^T&4D.~11h! S^T&4D , ~30!

and the conformal anomaly from the AdS-CFT corresp
dence is

II^T&CFT;
I^T&CFT, ~31!
08402
-
as

so

-

yielding a finite ~for h5” 0) ratio IIGCFT;
IGCFT and IIGCFT

.0 for

h. Ih/3, ~32!

where we again used,p s!1 anduhu!1.

4. Case III

Finally, from Ref.@11#, the metric

N5
1

A
512

2M

r
1

hM2

2r 2 , ~33!

has the Ricci tensor components

IIIR t
t 5 IIIR r

r 52 IIIR u
u 52 IIIR f

f 5
hM2

2r 4 . ~34!

The interval over which such corrections overcome
Hawking flux is now narrower, namely

1!
r

M
&Auhu

M

,p
, ~35!

but still quite large for astrophysical black holes. The cor
sponding trace anomaly is given by

III ^T&4D. S^T&4D , ~36!

to leading order in 1/r ~see Appendix A!.
The AdS-CFT trace anomaly is subleading for this ca

namely

III ^T&CFT.
h2M4

,p
2s2r 8

, ~37!

and

IIIGCFT;nB

,p
2s2r 2

h2M2
, ~38!

which is larger than those of cases I and II. This result see
therefore to disfavor such a metric as a candidate ho
graphic black hole.

B. Semiclassical stability

Since the tracêT&4D5” 0 signifies that the chosen back
ground is not the true vacuum~for which one would rather
expect a vanishing conformal anomaly and toward which
system will evolve!, a quantitative way of estimating th
stability of the above solutions with respect to the BS is
evaluate the ratio

G4D[U^T&4D

S^T&
U . ~39!

In regions whereG4D!1, the corresponding metric shoul
be more stable than the BS. This occurs, for instance, for
candidate small black hole metrics which we shall analyze
5-5



e
o-
rm

ti
i-

tio

e
io
a
v

l-
e

le

k-

ys

s
he

in

nu-
en-

de-

by

m

ller
-

the

ROBERTO CASADIO PHYSICAL REVIEW D69, 084025 ~2004!
Sec. III B 2 @see Eqs.~46!#. Such brane metrics violate th
condition ~4! and are therefore unlikely to admit an hol
graphic description, as our approach will indeed confi
@36#.

1. Cases I, II, and III

It is interesting to take note of the approximate asympto
values of the ratioG4D at larger for the three cases prev
ously discussed:

IG4D→11
h

3
1

h2

24
,

IIG4D→11h,

IIIG4D→1. ~40!

From such expressions, it appears that the preferred solu
are again given by cases I and II, but withh,0 ~in Refs.
@10,14# we already discussed some reasons why one exp
h,0 and the above results further support this conclus
sinceh.0 always leads to a larger value of the trace th
h<0). Case III instead represents no real improvement o
the BS.

In detail, the ratiosIG4D and IIG4D are plotted in Fig. 1 for
the typical valuesM5107s21.1 km andh521024 @10#.
Except for the region very near the horizon (r h52M ), the
ratios IIG4D, IG4D,1. This might signal a stronger instabi
ity near the horizon than for the BS which, however, b
comes milder at larger distances.

2. Small black holes

There are more candidate metrics for small black ho
with Ms&1 ~see, e.g., Refs.@16,37,38#!, namely the higher-
dimensional Schwarzschild metrics@39#

N5
1

A
512S r h

r D n

, ~41!

with n>2. Unfortunately one cannot rigorously identifyr h
.2M , since the four-dimensional ADM mass for this bac
ground is zero@40#, and confronting with the BS~corre-

FIG. 1. The ratiosIG4D ~solid line! and IIG4D ~dashed line! for
h521024 andM5107s21 (r is in units ofs21).
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sponding ton51) becomes more subtle. Let us anywa
assumer h;M (n) holds from Newtonian arguments~at least
for n52 @37,41#!, where theM (n)’s are now understood a
the multipole moments of the energy distribution of t
source. One then obtains

(n)R t
t 5 (n)R r

r 52
n

2
(n)R u

u 52
n

2
(n)R f

f

5
n~n21!

2

M (n)
n

r 21n
. ~42!

Note that the scalar

(n)R5~n21!~n22!
M (n)

n

r 21n
~43!

just vanishes forn51 ~four-dimensional Schwarzschild! and
n52 ~five-dimensional Schwarzschild!. These are the only
cases which satisfy the vacuum Eq.~8!.

The complete expression for the trace anomaly is given
Eq. ~A1d! which shows that, forn52, one has

(2)^T&4D5nB

13M (2)
4

720p2r 8
, ~44!

while, for n.2, the leading behavior at larger is given by
the hR term, that is

(n.2)^T&4D;nB

~n221!~n224!M (n)
n

5760p2r 41n
, ~45!

both of which never vanish. However, and although the
merical coefficient is questionable because of the aforem
tioned ambiguity in relatingM (n) to r h , the ratios

(2)G4D ; S M (2)

r D 2

,

(n.2)G4D ; S M (n)

r D n22

~46!

tend to zero at larger and are less than one forn.1 andr
*M (n) . This makes such metrics better candidates to
scribe very small black holes on the brane.

It is then interesting to study their extension in the bulk
applying the method of Ref.@10#. Details are given in Ap-
pendix B for n52 ~see also Ref.@42#!. For M (2)s51 the
value ofr2 along geodesic lines of constantr is displayed in
Fig. 2 and the horizon is approximately given by the liner
5M(2) . Note that it is slightly flattened since the maximu
value ofz along such a line is about 0.7s21. It would, how-
ever, depart more and more from that curve the sma
M (2)s is. For larger values ofMs, one expects a nonvan
ishing ADM mass (2M5M (1)), and the liner 5r h is then
flatter and a better approximation of the true location for
horizon ~see Ref.@10# for cases I, II, and III!.
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The trace anomaly from the AdS-CFT correspondenc
given in Eq.~A2d!, and just vanishes forn51. Neglecting
numerical coefficients, one thus obtains, forn52, a ratio

(2)GCFT.12nB

13,p
2s2

720p2
, ~47!

which vanishes for

nB.
720p2

13,p
2s2

@1, ~48!

where the inequality follows from the condition~2!. For such
a number of boson fields one has

(2)^T&4D.
M (2)

4

,p
2s2r 8

. ~49!

For n.2, instead

(n.2)GCFT ; S r

M (n)
D n

, ~50!

which is an increasing function ofn and diverges forr→`
as occurred for case III. It thus seems that, although s
brane metrics are semiclassically more stable, they sig
cantly depart from the holographic description for increas
n. This is not contradictory, since the condition~4! @or,
equivalently, Eq.~1!# is now violated and one expects th
the CFT description fails. Moreover, one also expects t
the smaller the black hole~horizon!, the finer the space-time
structure is probed, and one eventually needs to incl
stringy effects.

IV. TIME-DEPENDENT BLACK HOLES: A CONJECTURE

Solving Einstein equations for time-dependent metrics
in general a formidable task, unless symmetries are impo
to freeze enough degrees of freedom, and there is little h
to find analytic solutions for the present case@43#. Let us
then begin with a qualitative remark based on the results
have shown in the previous section: Just looking at the tr
anomaly ~15! one is led to conclude that the natural tim

FIG. 2. The functionr2 for M (2)5s21 and r 5M (2)/2, M (2) ,
2M (2) , and 3M (2) . Terms up to order 1/r 13 are included.
08402
is

h
fi-
g

t

e

s
ed
pe

e
e

evolution of a four-dimensional black hole is toward smal
and smaller ADM masses, sinceS^T&4D50 for M50. How-
ever, such an evolution seems to make the black hole
and less stable, its specific heat being more and more n
tive and the temperature diverging, as is argued in the u
canonical picture of the Hawking radiation@8#. But the pic-
ture might change if one considers a fully dynamical desc
tion ~for a recent four-dimensional analysis of Hawkin
evaporation and trace anomaly, see Ref.@44#!.

In order to substantiate our argument, let us replace
~8! with the semiclassical brane equation

R52,p
2^T&4D , ~51!

and note that, for a metric of the form~41! and time-
independentr h , the scalar curvatureR always falls off more
slowly at large r than the corresponding trace anoma
~A1d!. Hence, Eq.~51! cannot be solved by such anansatz.
However, the situation changes when the metric is time
pendent: for an asymptotically flat brane metric, on expa
ing to leading order at larger, the termhR becomes of the
same leading order asR and dominates in the expression
the trace anomaly@45#. In particular, Eq.~51! becomes

R;nB,p
2R̈, ~52!

where a dot denotes the derivative with respect tot. We then
reconsider the Schwarzschild metric~14! with the simple ex-
pression for the ADM mass,

M5M0e2at, ~53!

where a.0 so as to enforce decreasing mass. The R
scalar and the trace anomaly for this metric, to leading or
at larger, are given by

R52a2e2at
M0

r
1OS e22at

M0
2

r 2 D , ~54!

^T&4D52
nBa4e2atM0

1440p2r
1OS e22at

M0
2

r 2 D , ~55!

and Eq.~51! is thus solved to leading order at larger for

a5
A2880p

AnB,p

. ~56!

The CFT trace anomaly in this case is subleading,

^T&CFT.
a4e22atM0

2

6,p
2s2r 2

, ~57!

and one then concludes that the AdS-CFT corresponden
wildly violated. As we mentioned at the end of Sec. III B
this is not necessarily a flaw.

Finally, the nonvanishing components of the energ
momentum tensor, again to leading order at larger, are given
by
5-7
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T r
t .2T t

r .
2ae2atM

,p
2r 2

,

T u
u .T f

f .
a3e2atM

,p
2r

, ~58!

and the luminosity is

Ṁ;2aM0e2at. ~59!

In order to fix a reasonable value forM0, we can now as-
sume that, for sufficiently large ADM mass, the standa
Hawking relation holds@8#,

Ṁ;2nBK
,p

2

M2
, ~60!

whereK is the same coefficient which appears in Eq.~16!.
The transition to the new regime would then occur when
two expressions of the luminosity, Eqs.~59! and~60!, match
~at t50), that is for

M0;S nB

,p
2

a D 1/3

.0.1nB
1/2,p

.0.1s21&0.1 mm, ~61!

where we have estimatednB as in Eq.~2! in the second line.
SincesM0,1, it is no more a surprise that the holograph
description fails for the present case. Note that the lumin
ity ~59! vanishes forM50 @whereas the expression in E
~60! diverges#, that is the temperature of such black holes
much lower than the canonical one. This is just the kind
improvement one expects from energy conservation and
use of the microcanonical picture for the system consis
of the black hole and its Hawking radiation@23# near the
end-point of the evaporation@24,46#.

Of course, the above calculations are just suggestive
how to tackle the problem, and are not meant to be con
sive. One point is however clear, that in a brane-world s
nario one has to accommodate just for the one vacuum
dition in Eq. ~51!, which is therefore easier to approach th
the four-dimensional analogue. The hard part of the tas
then moved to the bulk: the brane metric we have conside
must not give rise to spurious singularities off the brane
the evaporation is complete, this is obviously true for t
Schwarzschild metric and Eq.~53! in the limit t→`, but a
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complete analysis of the bulk equations for such a tim
dependent brane metric is intractable analytically.

Let us finally speculate on the basis that a vanishing fo
dimensional ADM mass is not equivalent to zero prop
mass, since terms of higher order in 1/r , such as those con
sidered in Eq.~41!, may survive after the time whenM has
vanished~or, rather, approached the critical value,g). They
are in general expected to appear as generated by the no
nishingEi j and the trace anomaly~A1d! they give rise to is
smaller for largern ~and the same value of the ‘‘mass’’ pa
rameterM (n)). This opens up a wealth of new possibilitie
for the brane-world. Since we have shown evidence that
late stage of the evaporation is likely a~slow! exponential
decay, one can capture an instantaneous picture of its ev
tion in time @i.e., apply the adiabatic approximation in ord
to obtain the static form~13!# and expand that in powers o
1/r ,

N512 (
n>n̄

S M (n)

r D n

, ~62!

whereM (1)[2M and n5n̄ is the smallest order for which
the coefficientM (n)5” 0, so that, although the black hole re
mains five dimensional, its profile looks like it is higher d
mensional. Then, one would also have a ‘‘remnant’’ tra
anomaly which is approximately given by the expression
Eq. ~A1d! with n5n̄. If n̄ increases in time, the correspon
ing trace anomaly decreases in time and the black hole
pears as a higher and higher dimensional object from
point of view of an observer restricted on the fou
dimensional brane-world. Correspondingly, the space-t
~brane! around the singularity looks flatter and flatter@see the
Ricci tensor elements in Eq.~42!#. More precisely, once the
horizon radius has approached,g , a geometric description o
the space surrounding the central singularity becomes q
tionable, and just the larger limit of the metric can be given
sense. The latter is practically flat forr .M (n̄) when n̄>2.
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APPENDIX A: TRACE ANOMALIES

We display here the complete expressions of the tr
anomalies for the static cases I, II, and III of Sec. III, a
nB51. In obvious notation:
I^T&4D5

S 12
3M

2r
D 24

M2

25920p2r 6
F18~2418h1h2!216~162181h110h2!

M

r

112~4861315h149h2!
M2

r 2 1216~27121h14h2!
M3

r 3 19~2431216h148h2!
M4

r 4 G , ~A1a!
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II^T&4D5
~11h!2M2

240p2r 6 S h1A12
2M

r
~11h!D 24F41

3

2
h2~91h2!1h~1217h!A12

2M

r
~11h!

2~11h!S 16127h2124hA12
2M

r
~11h!D M

r
116~11h!2

M2

r 2 G , ~A1b!
or-
ni-

een
III ^T&4D5
M2

60p2r 6S 12h
M

r
1

13h2M2

48r 2 D , ~A1c!

(n)^T&4D5
M (n)

n

5760p2r 41n F ~n221!~n224!

2~3n428n3223n214!
M (n)

n

r n G . ~A1d!

From the AdS-CFT correspondence@28# one instead obtains

I^T&CFT5
h2M2

6,p
2s2r 6

S 12
3M

2r
D 24S 12

8M

3r
1

2M2

r 2 D , ~A2a!

II^T&CFT5
3h2~12h!2M2

2,p
2s2r 6 S h1A12

2M

r
~11h! D 22

,

~A2b!

III ^T&CFT5
h2M2

4,p
2s2r 8

, ~A2c!

(n)^T&CFT5
n218n14

24

~12n!2M (n)
2n

,p
2s2r 2 (21n)

. ~A2d!

APPENDIX B: SMALL BLACK HOLES

In the approach of Ref.@10# the bulk metric is taken of the
form

ds252N~r ,z!dt21A~r ,z!dr 21r2~r ,z!dV21dz2.
~B1!

For the brane metric in Eq.~41! with n52, the computed
.

Y

08402
metric components~to order 1/r 6, for the sake of simplicity!
are then given by

N5e2szH 12
M (2)

2

r 2
1~12esz!2

M (2)
2

s2r 4

2@21s2M (2)
2 22esz~61s2M (2)

2 !

1e2sz~61s2M (2)
2 212sz!14e3sz#

M (2)
2

s4r 6J ,

~B2a!

A5e2szH 11
M (2)

2

r 2
1@s2M (2)

2 1~12esz!2#
M (2)

2

s2r 4

2$3~11esz!2s2M (2)
2 23s4M (2)

4

12@126esz13e2sz~122sz!12e3sz#%
M (2)

2

3s4r 6J ,

~B2b!

r25r 2e2szH 12~12esz!2
M (2)

2

s2r 4

1@126esz13e2sz~122sz!12e3sz#
4M (2)

2

3s4r 6J .

~B2c!

Note that, as we commented upon in Ref.@10#, the function
r2 vanishes for a finite value ofz, with r held fixed, and that
locates the axis of cylindrical symmetry in the Gaussian n
mal reference frame. The latter covers the whole bulk ma
fold of such black holes, since no crossing occurs betw
lines of different constantr ~see Fig. 2!.
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